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KARL SCHWEDE, WENLIANG ZHANG 

Abstract. We prove that strongly irregular and F-pure singularities satisfy Bertini-type 
theorems (including in the context of pairs) by building upon a framework of Cumino, 
Greco and Manaresi (compare with the work of Jouanolou and Spreafico). We also prove 
that F-injective singularities fail to satisfy even the most basic Bertini-type results. 



1. Introduction 

The study of projective varieties with "mild" (such as rational or log canonical) singu- 
larities is ubiquitous throughout higher dimensional complex algebraic geometry. However, 
the classes of singularities that are so mild in characteristic zero, frequently exhibit much 
more pathological behavior in positive characteristic. This is largely a consequence of the 
failure of Kodaira-type vanishing theorems. However, there are classes of singularities with 
origins in commutative algebra (i.e. tight closure theory) and representation theory (i.e. 
Frobenius splitting theory) which seem better behaved in characteristic p > 0. These are 
the so called F -singularities. 

In the study of varieties with mild singularities in characteristic zero, one of the more 
common tools is Bertini's theorem. In particular, by cutting by general hyperplanes, many 
questions can be studied on smaller dimensional (presumably simpler) varieties. Thus, 
the fact that "mild" singularities remain "mild" after cutting by general hyperplanes, is 
critical. It is therefore natural to ask whether F-singularities are preserved when cut by 
general hyperplane sections. 

In this paper we show that strongly F-regular and sharply F-pure singularities satisfy 
Bertini's second theorem (see Corollary 13.41 for a precise statement). In particular, they are 
preserved after taking general hyperplane sections. We state our result in a special case 
first. 

Corollary 16.71 Suppose that X is a projective variety over an algebraically closed field k. 
If X is F-pure (respectively strongly F -regular) then so is a general hyperplane section of a 
very ample line bundle. 

In particular, if X is (globally) F-split, then a general hyperplane section is (locally) 
F-split. We actually obtain a stronger statement which is written below. 

Theorem 16. 1L Suppose that X is a variety over an algebraically closed field k, let A > 
be a Q-divisor on X, and let <j) : X — > PJ! be a k-morphism with separably generated (not 
necessarily algebraic) residue field extensions. Suppose either 

(i) (X, A) is strongly F -regular, or 

(ii) (X, A) is sharply F-pure, or 

(iii) A = 0, X is not necessarily normal, and X is F-pure. 
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Then there exists a nonempty open subset U of (1P^) V , the dual projective space of hyper- 
planes, such that for each hyperplane H € U , 

(i) (</> _1 (-ff), A|,£-i(#)) is strongly F -regular. 

(ii) A^-i^m) is sharply F -pure. 

(iii) _1 (-£f) is F-pure. 

Parts (i) and (ii) of this result also extends to triples (R, A, a ) by Remark 16.21 

Strongly F-regular and sharply F-pure singularities are the moral equivalent of log ter- 
minal and log canonical singularities respectively, and so Theorem 16.11 should be viewed as 
an analog of [KM981 Lemma 5.17]. The proof is an application of the axiomatic framework 
for proving Bertini-type theorems laid out in [CGM86] , cf. |Jou83t |Spr98| . We also rely 
heavily on standard ideas for base change for F-singularities; cf. [HH94aJ. 

We mention that related questions have been studied before for strongly .F-regular pairs 
in [MY091 Example 4.7]. In that work, Mustafa and Yoshida gave an example where general 
sections of a linear system behaved badly, and in particular, did not satisfy any version of 
Theorem 16.11 However, their example had inseparable residue field extensions even though 
the extension of fraction fields was separably generated. In particular, their example demon- 
strates that we cannot weaken the hypothesis of Theorem 16.11 to only requiring separably 
generated residue field extensions only for the function field extension of the varieties. See 
Remark 18.41 for details. 

Via .F-inversion of adjunction applied to Theorem 16.11 we obtain the following corollary 
which should be compared with [KM981 Lemma 5.17]: 

Corollary 16.101 Suppose that X is a variety over an algebraically closed field k, let A > 
be a Q-divisor on X. Let (ft : X — > PjJ be a k-morphism with separably generated (not 
necessarily algebraic) residue field extensions. Fix a general element H of (1P^) V . Then: 

(i) // {X, A) is sharply F-pure then (X, A + (ft~ l (H)) is also sharply F-pure. 

(ii) // (X, A) is strongly F -regular, then (X, A + (ft~ l (H)) is divisorially F-regula^ in 
the sense of [HW02j . 

(iii) // (X, A) is strongly F -regular, then (X, A + ecft~ l {H)) is strongly F -regular for all 
1 > e > 0. 

It is also natural to ask whether F-rational and F-injective singularities satisfy Bertini's 
second theorem. We however show that F-injective singularities cannot satisfy Bertini's 
second theorem, see Sectional We do not know how F-rationality behaves. 

Theorem 17.51 There exists a projective surface which is F-injective, except possibly at 
finitely many points, whose general hyperplane section is not F-injective. 

This example is based upon the study of weak normality and general hyperplane sections 
as developed in |CGM89| . 

Remark 1.1. We should point out that this paper is about global Bertini theorems. A 
local Bertini theorem relates singularities at a point a; of a variety X with singularities 
of general hypersurfaces through x. Note that F-regular singularities do not satisfy local 
Bertini theorems, since for example, if x 6 X is an F-regular but non-regular point of a 
surface X and H is any hypersurface through x € X, then H is not even normal. Indeed, 
if H was normal, it would be regular and thus x € X would be regular as well. 



The term " divisorially F-regular" singularities unfortunately corresponds to "purely log terminal" sin- 
gularities |Tak08) . 
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2. Background and notation 

Throughout this paper, all schemes are separated and all rings and schemes are of char- 
acteristic p > and F-finite. It should be noted that F-finite rings are always excellent 
|Kun76j and possess dualizing complexes [Gab04 . Additionally, any scheme essentially of 
finite type over a perfect field is F-finite, and so since we are interested in schemes of finite 
type over algebraically closed fields, it is harmless to work in this setting. We will pay 
special care that we do not depart from the F-finite setting in various base-change state- 
ments. We also note that when we discuss a variety, we are always of finite type over an 
algebraically closed field. 

Given a property & of local rings, we say that a scheme X satisfies & if all of its stalks 
satisfy the property. Such a property is called a local property of schemes. 

Definition 2.1. Suppose that k is a field and that X — > Spec/c is a map of schemes. We 
say that X is geometrically & if for every finite extension k! 2 k, we have Xy := X x*. k' 
is 

The reason we restrict to finite extensions is that we do not want to leave the category 
of F-finite schemes. We could just as easily define geometrically & by requiring that 
the Xy satisfy 8? for finitely generated extensions k' 2 k (this would be more general 
than finite extensions but less general than arbitrary extensions). For example, note that 
¥ p (xi, X2, . . . , x n ) is F-finite, but F p (xi, X2, ■ ■ ■ ) is not F-finite. 

When dealing with a ring R of characteristic p > 0, we use F e : R — > R to denote the 
e-iterated Frobenius map on R. When R is reduced (a setting in which we will always 
reside), we use FfF and F 1//pE interchangeably to denote the ring Ft viewed as a module 
over itself via F e (i.e. r ■ x = r p x). The advantage of the latter notation is that it helps us 
distinguish elements from R and F£R. 

Finally, we also recall the following generic freeness result which we will use several times. 

Theorem 2.2 (Generic Freeness, Theorem 14.4 in |Eis95j ). Suppose that S is a Noetherian 
domain and T is a finitely generated S -algebra. If M is a finitely generated T -module, then 
there exists a nonzero element c € S such that M[c _1 ] is a free S[c~ l ] -module. 

2.1. Definitions of F-singularities. We recall various definitions of F-singularities. 

Definition 2.3 ((strong F-regularity) ) . Suppose that (F,m) is an F-finite reduced local 
ring of characteristic p > 0. We say that R is strongly F-regular if, for each c € R not in 

any minimal prime of R, there exists q = p e such that the F-linear map R > R lq 

splits, or equivalently, for each c € R not in any minimal prime of R, there exists q = p e 
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such that the F-linear map (R > R ' q ) ®r E is injective, where E is the injective hull 

of the residue field of R. 

Definition 2.4 ((F-purity)). Suppose that (R, m) is an F-finite reduced local ring of charac- 
teristic p > 0. We say that R is F-pure if R ^ i? 1//p splits, or equivalently, (R R 1 / p )®rE 
is injective, where E is the injective hull of the residue field of R. 

Definition 2.5 ((F-injectivity)). Suppose that (R, m) is an infinite local ring of charac- 
teristic p > 0. We say that R is F-injective if the Frobenius map F : Hf n (R) — > H^ n (F^R) 
is injective for every i > 0. Dually, R is F-injective if for each i G Z, the ith cohomology of 
the Grothendieck-trace map 

h*(F>y -^hV^ 

is surjective for all e > (or equivalently some e > 0). Here uj r is a dualizing complex for 
R. 

Remark 2.6. It is worth remarking that F-injective rings are automatically reduced. Indeed, 
suppose that ^ f G R is a nilpotent element. Set J = Ann^(/) and suppose that 
Q is a minimal prime containing J. First consider f/1 G i?<g. If //l = 0, then / is 
killed by an element of R \ Q C R \ Annjj(/), which is impossible. Thus we know that 
^ f/1 G -Rq. Furthermore, we notice that Ann^ Q (//l) is Qi?Q-primary. In particular, 
Q n R Q C Ann RQ (//l). But then ^ f/1 € H^ Rq (R q ) C Fq. Now, some iterate of 
Frobenius kills //l since / was nilpotent. Therefore the Frobenius map F : Hq Rq (Rq) — > 
Hqr q (F*Rq) 1S n °t injective. By local duality, the map h ^*^ ) — > h°(u R ) is not 
surjective. It follows immediately that Rq is not F-injective and thus R is also not F- 
injective. 

Definition 2.7 ( (F-rationality) ) . We say that (R, m) is F -rational if it is Cohen-Macaulay 
and there is no non-zero submodule J C u R such that the Grothendieck-trace map $ : 
F*ur — > lor satisfies $(F^ e J) C J. In other words, if uir is simple under the action of $ 
and R. 

All of these notions extend to not-necessarily-local rings (and schemes) by requiring the 
condition at every point. In the F-finite case, they are all known to be open conditions. 
We now mention a generalization of F-purity and strong F-regularity to pairs. We will not 
review basic facts about the formalism of Q-divisors in this paper. Instead we suggest the 
reader see |KM98j . |HW02| or |STllj for a discussion of Q-divisors in this context. 

Definition 2.8. A pair, denoted (R, A) (or (X, A)) is the combined information of a normal 
ring R (respectively, a normal scheme X) and an effective Q-divisor A > 0. 

Definition 2.9 ((strong F-regularity for pairs)). A pair (i?, A), with R local, is said to be 
strongly F -regular if for each nonzero c G R , the composition 

R -»> F*R F, e (i?(r(p e -1)A1)) 

1 H> C (->• C 

splits for som^ e > . 

Remark 2.10. For strong F-regularity, it is sufficient to obtain a splitting for a single c 
such that Supp(A) C V(c) and Spec i?[c _1 ] is regular. See Lemma [2.151 below for a slight 
variation on this statement. 



equivalently, all e S> or infinitely many e > 
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Definition 2.11 ((sharp F-purity for pairs)). A pair (F, A) is said to be sharply F-pure 
if the composition 

F -> F*R -> F^F^ -1)A])) 

1 !-)■ 1 ^ 1 

splits for some@ e > 0. 

Remark 2.12. Notice that a sharply F-pure (respectively strongly F-regular) pair (R, A ^ 
0), F is by definition normal. In particular, geometrically sharply F-pure pairs are geomet- 
rically normal as well. 

We also recall a common characterization of (sharply) F-pure pairs essentially taken from 
|HW02| . 

Lemma 2.13. [HW021 Proposition 2.4(1)] Suppose that (R, m) is an F -finite normal d- 
dimensional local ring and A is a Q-divisor on X = SpecF. Then (F, A) is sharply 
F-pure, if and only if there exists an e > such that the composition 

E R - H&(u R ) 

- H d m {O x {K x )) 

-> Hi(F-O x (p e K x )) 

Hi{F*O x (p e K x + T(p e - 1)A] )) 

- Hi{F*O x {K x +\(p--l){K x + A)-\)) 

is injective. 

Proof. This is essentially contained in [HW021 Proposition 2.4(1)] but we give a brief proof 
here for the convenience of the reader. By Matlis/local-duality |Har66] . the injectivity above 
is equivalent to the surjectivity of a composition: 

F*O x (-\(p e - \){K X + A)l) F*O x ((l -p e )K x ) O x 

If this composition is surjective, we may choose an element z € F^O x {— \{p e — 1)(K X + A)~\) 
sent to 1 € O x and notice that the submodule generated by z is isomorphic to F^O x . This 
is our splitting, the factorization above guarantees that our splitting is of the desired form. 
For the converse direction, notice that 

O x {K x ) -> F*O x {p e K x ) Ft(O x (p e K x + \(p e - 1)A])) 

splits and then apply F^(»). □ 

Remark 2.14. We now enumerate some basic properties of pairs: 

(1) One can see that the pair (F, A) is sharply F-pure if and only if the evaluation (at 
1) map 

Rom R (F^(R(\(p e - 1)A]),F) -> F 
is surjective for some e > 0. And since surjectivity is a local property, one can check 
sharp F-purity locally at maximal ideals of F. 

(2) It follows from (1) that if (F p , A|g pec ( Rp )) is strongly F-regular (or sharply F-pure) 
for some p 6 Spec(F), then there is an open neighborhood U of p in Spec(F) such 
that (Rp>, A| Spcc (ij ,))) is strongly F-regular (or sharply F-pure) for each p' 6 U. 

(3) If (p e — 1)A is an integral Weil divisor and (F, A) is sharply F-pure, then it is easy 
to see that the the map F — > F£ (R((p e — 1)A)) splits. This holds because this map 
can be used to factor a map that does indeed split (just as if F — > F 1 /^ splits then 
so does F — > F 1 ^). 



equivalently, infinitely many e > or all sufficiently divisible e > 
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We will use the following characterization of strong F-regularity via sharp F-purity. 

Lemma 2.15. |HH94al Lemma 5.9(a)], [SS10|, Corollary 3.10] Suppose that R and A are 
as above and T > is any other Q-divisor whose support contains the locus where (R, A) is 
not strongly F -regular. If (R, A + T) is sharply F-pure, then (R, A) is strongly F -regular. 

We also remind the reader that in many cases, the divisor A in sharply F-pure pairs can 
be assumed to be in a particularly nice form. 

Lemma 2.16. [SSlQj. Proposition 3.12] Suppose that (R,A) is sharply F-pure. Then there 
exists a divisor A' > A such that (R, A') is sharply F-pure and such that K R + A' is Q- 
Cartier with index not divisible by p > 0. Additionally, one can arrange e > such that 
(p e - 1)A' is integral and that Rom R (F^R((p e - 1)A'),R) = F?R((1 - p e )(K R + A')) is 
isomorphic to F£R as an F^R-module. 

We also will need a weak global generalization of this statement stated below. 

Lemma 2.17. Suppose that (X, A) is sharply F-pure. Then there exists a A' > A such 
that (X, A') is sharply F-pure and that (p e — 1)A' is an integral Weil divisor for some e > 0. 

Proof. The fact that (X, A) is sharply F-pure is equivalent to requiring that the evaluation- 
at-1 map: 

J^om 0x (F^O x (\(p e - I) A]), O x ) -> O x 
is a surjective map of sheaves for some e > (if it holds at a point, it holds in a neighborhood 
for all sufficiently divisible e). Set A' = pE 1 _ 1 \(p e — 1)A] . The result follows immediately. □ 

Finally, we recall some well known properties of F-singularities of pairs. 

Lemma 2.18. |SS1CH Corollary 3.10, Lemma 3.5, Theorem 3.9] Suppose that (R,A) is a 
strongly F -regular pair. 

(a) IfF > is any other Q-divisor, then for all 1 3> e > 0, we have that (R, A + eT) is 
also strongly F -regular. 

(b) For all 1 > s > 0, we have that (R, sA) is strongly F-regula^. 

(c) If (R, A + T) is sharply F-pure and (R, A) is strongly F -regular, then (R, A + eT) 
is strongly F -regular for all 1 > e > 0. 

2.2. Pulling back Weil divisors under flat maps. We will repeatedly pull back Weil 
divisors under flat maps in this paper and so it is important that we briefly discuss this 
process. 

Suppose that R — > S is a flat map of normal domains corresponding to / : Spec S — > 
Speci?. Suppose that M is any finitely generated reflexive i?-module (i.e. the natural map 
is an isomorphism M = Hom/j(Hom^(M, R),R)), then M ®r S is also S-reflexive. This is 
easy since M ® R S = Hohir (Hohir (M, R),R)® R S = Hom 5 (Hom 5 (M® R S,S), S) because 
S is i?-flat. 

Recall that an effective integral Weil divisor on Speci? is simply a choice of a rank-1 
reflexive i?-module M with a choice of a map R — > M (up to multiplication by a unit 
of R). Tensoring such a module by S gives us a map S — > M (& R S and so determines 
an effective Weil divisor on Spec S, in particular we have a map /* from div(Speci?) to 
div(SpecS). If D and E are effective divisors corresponding to reflexive sheaves M and 
N respectively, then D + E corresponds to (M <8> iV) vv (where » v denotes Homu(», R)). 
It follows that f*(D + E) corresponds to f*D + f*E. The same formulas hold for anti- 
effective divisors which correspond to inclusions M C R. Finally, a similar set of arguments 



The analogous statement also holds for sharp F-purity 
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yield that f*(—D) = —f*(D) and so in general, we have a group homomorphism: /* : 
div(Speci?) — > div(SpecS'). 

We can extend this to Q-divisors formally. However, we should point out that if D is a 
Q-divisor on Speci?, then \f*D~\ < f*\D~\. To see this, write \D~\ = D + B where B is an 
effective Q-divisor. It follows that f*\D~\ = f*D + f*B and since f*B is still effective, the 
claim follows. 

2.3. Divisors on fibers. Finally, suppose that Y — > X is a map of finite type where X 
is a variety over an algebraically closed field, Y is geometrically normal over X, and A is a 
Q-divisor on Y. Then for an open dense set of points s € X, Y s is normal and we obtain 
divisors A s = A|y s on the fibers Y s . Indeed, it is harmless to assume that X is regular and 
A is an integral prime Cartier divisor (by removing the singular locus of Y and working by 
linearity). But then the statement follows directly from generic freeness |Eis95l Theorem 
14.4] (assume that Oa is free over Ox)- We now also present an alternate way to restrict 
Weil divisors that we will certainly use. 

Lemma 2.19. With notation as above, if M is a rank-1 reflexive module on Y, then for 
an open dense set of fibers Y s , M s = M ®o x * s a fo-nk-l reflexive module on Y s . 

It follows immediately that if M corresponds to a Weil divisor D then M s corresponds 
to D\y„ ='■ D s . This lemma also follows from |Kolll[ Theorem 2]. 

Proof. Without loss of generality we may assume that X = SpecB is regular and that 
Y = Spec-R is normal. Fix N such that M = Hom^(iV, R). By generic freeness, re- 
placing X = Sped? with an open subset, we may assume that M, N, R, as well as 
Ext° R {N,R), . . . ,Ext| imX (iV,i?) are all B-free. Fix a point s G X. By replacing B by 
B s , which is B localized at s (which is flat) and R by R®b B s , we may assume that s is 
generated by a regular sequence x±, ■ ■ ■ , x n G B. 
We know that 

(2.19.1) RHom^iV, R) cg>^ R/{x 1 , ...,x n )^ RHom^iV, R/{x u . . . , x n )) 

by |Har66l Chapter II, 5.14]. Taking zeroth cohomology of the left side is computed by 
ToT^(Ext R (N, R), R/ (x\, . . . ,x n )) for i = 0, ...,n. But these are zero for i > since 
Eixt l R (N, R) is .B-free for i = 1, . . . , n (and hence x±, . . . , x n form a regular sequence on it). 
Thus 

h°(RHom^(iV, R) ®\ R/{x u x n )) Hom fl (iV, R) ® R/{x u ...,x n ). 
Taking zeroth cohomology of Equation 12. 19. II then yields: 

M <8r R/{xi, x n ) = Hom fl (N, R) ® R R/( Xl , . . . , x n ) ^ Hom fl (N, R/ (x u . . . ,x n )). 
But 

Eom R (N,R/(xi,. . .,x n }) = Hom^ ^(^/(ii,.. . ,x n ),R/(x 1 , . . . ,x n )). 

It then follows that M\y s = M ® R Rj (xi, . . . , x n ) is reflexive which is what we wanted to 
prove. □ 

3. Restating Cumino-Greco-Manaresi for pairs 

In |CGM86] . the authors developed a framework for proving Bertini-theorems for classes 
of singularities in characteristic p > 0. The idea of the proof is the same as in related 
results contained in |Jou83j and similar ideas have appeared in a number of other expo- 
sitions as well, also see |Zar441 [Sci50j . For an excellent historical survey of the origins of 
Bertini's theorem see |Kle98| . The framework of Cumino-Greco-Manaresi is convenient for 
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our purpose however. We note that these ideas were further developed in |Spr98| in the 
case of non-algebraically closed fields (and in other directions). However, we work in the 
algebraically closed case for simplicity, although several of the results of this paper do hold 
more generally with no additional work cf. |Spr98[ Corollaries 4.3, 4.5]. 

We recall the following axioms for a local property in case of locally Noetherian 
schemes. These are taken directly from Cumino-Greco-Manaresi [CGM86] , cf. |Spr98| : 

(Al) whenever eft : Y — > Z is a flat morphism with regular fibers and Z is then Y is 
too; 

(A2) let <f> : Y — > S be a morphism of finite type, where Y is excellent and S is in- 
tegral with generic point@ r/; if Y„ is geometrically then there exists an open 
neighborhood U of rj in S such that Y s is geometrically £P for each s £ U. 

(A3) is open on schemes of finite type over a field. 

Remark 3.1. For a partial list of properties satisfying (A2) (with citations to EGA), see 
[GW10I Appendix E]. 

Cumino, Greco, and Manaresi proved in [CGM86] that, once a property & on an algebraic 
variety V over an algebraically closed field satisfies the three axioms (Al), (A2) and (A3), 
then the Second Theorem of Bertini holds for & . More precisely, 

Theorem 3.2 (Theorem 1 in [CGM86]). Let X be a scheme of finite type over an al- 
gebraically closed field k, let 4> : X — > PJ? be a morphism with separably generated (not 
necessarily algebraic) residue field extensions. Suppose X has a local property & verifying 
(Al) and (A2). Then there exists a nonempty open subset U of (Pi?) v such that 4>~ l (H) 
has the property for each hyperplane H sU '. 

Remark 3.3. In the above statement, and throughout the paper, we use (P^) v to denote 
the dual-projective space of hyperplanes of PJJ. 

The following corollaries follow easily. 

Corollary 3.4 (Second Theorem of Bertini, Corollary 1 in [CGM86] ). Let V be an algebraic 
variety over k = k, and let S be a finite dimensional linear system on V . Assume that the 
rational map V — > ¥ n corresponding to S induces (whenever defined) separably generated 
field extensions. Let 3? be a property satisfying (Al), (A2), and (A3). Then the general 
element of S, considered as a subscheme of V , has the property but perhaps at the base 
points of S and at the points ofV which are not 

Also, whenever & satisfies the three axioms (Al), (A2) and (A3), then & is preserved 
by the general hyperplane section. 

Corollary 3.5 (Corollary 2 in |CGM86j ). Let V C F n be a closed subscheme and let 3? 
be a local property satisfying (Al) and (A2). Then if V is 0* , the general hyperplane 
section of V is . Lf moreover & satisfies (A3), then the B^-locus of V is preserved by 
the general hyperplane section; that is for the general hyperplane section H of F n one has 
^(VDH) D &>(V)nH. 

This result even holds if V is contained in a hyperplane H of P n , since the linear system 
of hyperplanes on P n restricts to the complete linear system of hyperplanes on H. 

In this paper, we will prove the Second Theorem of Bertini for classes of F-singularities 
for pairs. To this end, we have to modify Cumino-Greco-Manaresi's axioms for pairs as 
follows: 



The point corresponding to the zero ideal locally. 
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(A1P) Let (ft : Y — > Z be a flat morphism with regular fibers and A be a Q-divisor on Z. 

If (Z, A) is then (Y, (ft* A) is & too. 
(A2P) Let k : Y — > Z be a morphism of finite type of F-finite schemes, where Z is an 

integral scheme with generic point n. Fix a Q-divisoi@ A on Y such that (Y„, A^) 

is geometrically & . Then there exists an open neighborhood U of rj in Z such that 

(Y s , A s ) is geometrically for each s £ U. 
(A3P) 8? is an open condition for pairs (Y, A) of finite type over an F-finite field. 

Remark 3.6. Note that built into (A2P) is the requirement that (Y S ,A S ) makes sense. In 
particular, we require that A s can be interpreted as a Q-divisor on Y s (of course this holds 
for an open dense set of points on Z since n is generically flat.) 

Following the strategy in [CGM86] , we need only to establish 

Theorem 3.7. Let X be a normal scheme of finite type over an algebraically closed field 
k, let A be a Q-divisor on X , and let (ft : X — > P£ be a morphism with separably generated 
(not necessarily algebraic) residue field extensions. Suppose (A, A) has a local property 
verifying (AlP) and (A2P). Then there exists a nonempty open subset U o/(P^) v such that 
{(ft~ l (H), A|^-i(^)) has the property & for each hyperplane H &U. 

Proof. The following proof is taken directly from |CGM86] , All we add is the divisor pair. 

Let Z be the reduced closed subscheme of P^ (P£) v obtained by taking the closure of 
the set 

{(x,H) € \x€H}. 

We claim that the projection map (3 : Z — > P^ is flat. Indeed, it is clearly generically flat, 
and since it is finite type it is flat at some closed point. But for any z € Z, Oz,z is certainly 
isomorphic to that of any other z. Furthermore, the inclusion of rings Opn^^) — > Oz,z is 
also independent of the choice of z, up to isomorphism. Thus (3 is flat in general. 
Just as in [CGM86] . we form a commutative diagram: 




We describe each map appearing above. 

• a is the projection. 

• 7r' is the projection and thus so is tt. 

• p = tt o a. 

• 7 is the projection. Note that 7 is flat since it is a base change of the projection 
Z — ► P£. 

For each hyperplane H C PjJ viewed also as a point in (P^) v , we have 

(ft- l {H)^o- l (^\H))=p~ 1 (H). 

We obtain a divisor Ay on Y := X xp« Z. Therefore we want to show that for a dense open 
set of points of (P^) v , that the fibers of p, which yield pairs (Y s , (Ay) s ), satisfy property 

^If A 7^ we assume Y v is normal, otherwise we make no such assumption. 
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& . Set 77 to be the generic point of (IP;!) V . By (A2P), we merely need to show that the 
generic fibeiQ (Y„, (Ay) ?? ) is geometrically Therefore, we only need to show that for 
each finite field extension K over A; (77), that (Yk, (Ay)k) is . 
Consider the following composition which we denote by q: 

Yr = Y v Xkfy) K = {X Xpn Z v ) ><k(ri) K — y X Xpn Z v — > X x P » Z X 

where the final map is the projection. Notice that this map is flat since each map in the 
composition is flat. In [CGM86], Cumino, Greco and Manaresi proved that q has regular 
fibers. Thus by (AlP), the pair (Y K ,q*A) = (Y k ,(A y )k) is This completes the 
proof. □ 



4. (AlP) FOR SHARPLY F-PURE AND STRONGLY F-REGULAR PAIRS 

The property (Al) has been heavily studied for F-singularities. In this section, we gener- 
alize these results to pairs. First however, we review some history. Such problems were first 
studied in |HH94al Section 7] where it was shown that F-regularity is well behaved in many 
cases (and the same arguments imply that F-purity is equally well behaved). In |Vel95] . 
Velez showed that F-rationality behaved well for smooth morphisms. In [EneOOl lHasOl] . 
F. Enescu and M. Hashimoto independently proved a variant of (Al) for morphisms with 
geometrically F-rational fibers (instead of regular fibers). However, without the geometric 
hypothesis on the fiber, it is unknown whether (Al) holds for F-rational singularities. Even 
worse, in |Ene09l Section 4], F. Enescu showed that F-injectivity can fail to satisfy (Al), 
more about this will be discussed in Section [7] below. Additional discussion of base change 
problems for F-singularities can be found in [Abe Ol. BS02~| |AE03| . 

The following theorem of Hochster and Huneke will be crucial to our proof of (AlP) for 
sharp F-purity. We originally learned this material from the exposition given in [Hoc07l 
Pages 167-175]. 

Theorem 4.1 ((Lemma 7.10 in |HH94a| )). Let (R,m,K) — ► (S, n, L) be an arbitrary flat 
local morphism. 

(1) If z G n is not a zerodivisor on S/mS, then z is not a zerodivisor on S and R — > 
S/zS is again a (faithfully) flat local homomorphism. 

(2) More generally, if yi, ■ ■ ■ ,yt € n form a regular sequence on S/mS, then they form a 
regular sequence in S and R — > S/(y±, . . . ,yt) is again a faithfully flat local homo- 
morphism. The elements y±, . . . ,yt also form an S -sequence on S <S)r M for every 
nonzero finitely generated R-module M. 

(3) Suppose that M has finite length over R with V = Annjv/ (m) ; and that S/mS is zero- 
dimensional with socle Q. Then we have an injection Q ®k V — > S/mS ®k V — 
S 0R V — > S <g>i? M , under which Q <S)r V is sent onto the socle in S <8>_r M. 

(4) If the closed fiber S/mS is Gorenstein, yi,...,yt G n are elements in S whose 
images in S/mS form a system of parameters, I a = (yf, . . . , yf), then E${L) = 
(lim^ S/Ig) 0r Er(K), where the map S/I a — > S/I a +i is induced by multiplication 
by yi ■ ■ ■ yt- In other words, if I = (y±, . . . , yt)S then 

E S (L)^E R {K) ® r H\(S). 

Recall the following definition of canonical modules (when the ring is not necessarily 
Cohen-Macaulay) from |HH94bj . 



in other words, the fiber of the generic point 
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Definition 4.2. Let (R,m,K) be a <i-dimensional equidimensional Noetherian local ring. 
A finitely generated ii-module oj is called a canonical module of R if it is isomorphic to 
Hi{R)\ 

More generally, when R is not necessarily local, an ii-module oj is called a canonical 
module of R if up is a canonical module of Rp for each prime ideal P of R. 

The following theorem on the behavior of canonical modules under flat extensions is 
certainly known to experts, but we do not know of a proof in the generality we need, cf. 
[BH931 Theorem 3.3.14(a)], [Har771 Chapter V, Section 9]. 

Lemma 4.3. Let (p : R — > S be a flat ring homomorphism with Gorenstein fibers between 
Noetherian equidimensional rings. Assume that R admits a canonical module oj r , then 
Mr <8># S is also a canonical module of S. 

Proof. It suffices to show that for each prime ideal q of S, the module u v <& Rp S q is a 
canonical module of Sq where p = q H R. Without loss of generality, we may assume that 
ip : (R, m, K) — > (S, n, L) is a flat local homomorphism with Gorenstein fibers and oj r is a 
canonical module of R. Since a module is a canonical module if and only if its completion 
is a canonical module of the completion of the ring, we may assume that R and S are 
complete. Then it suffices to show that Homs(uj R ® R S,E$) is isomorphic to the top local 
cohomology module of S. Choose a system of parameters x\, . . . ,Xd of R (assuming that 
dim(ii) = d) and elements y = y±, . . . ,yt in S whose images in S/mS form a system of 
parameters (assuming that dim( 1 S , /mS') = t), then we have 

Homs(wR ® R S, E s ) = Hom R (u; R , Hom 5 (5, E s )) 

= Rom R (oj R ,E s ) 

We claim that, for each finitely generated i?-module M, a flat R- module F, and an ii- 
module N, we have Hom/j(M, ® R F) = Hom^(M, N) ® R F, and we reason as follows (or 
simply cite [Har66l Chapter II, Proposition 5.14]). It is clear that our claim is true when 
F is a free ii-module. Then since each flat ii-module is a direct limit of free modules and 
Hom R (M, — ) commutes with direct limits, our claim follows. By Remark I4.4f 2) we know 
that H( y \ (S) is a flat ii-module, and hence we have 

Rom s (oj R ® R S, E s ) Rom R (oj R , E R ® R fl^(5)) 
= Hom R (uj R , Er) ® r H\ z) {S) 
= H d m (R) 

This proves that oj r ® R S is a canonical module of S. □ 

Remark 4.4. Let R, S,y%, . . . ,yt be as in Theorem 14.1( 4). let x\, . . . , Xd £ in be elements of 
S and let M (and N) be an ii-module (an S- module). 

(1) It is straightforward to check that 

H? ,{M)® R Hi s(N)^H? +t JM® R N), 

{x 1 ,...,x n )\ / (j/i,...,j/ t )V I (xi,...,x n ,yi,...,y t )\ a ; ' 

and the isomorphism is given by 

a 8 a® B 

— ® -r— r I— > j- r. 

x l ■ ■ ■ x n V\---Vt x l ■ ■ ■ x nVl ■■■Vt 
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In particular, if we assume that S/mS is regular and J/i, • • • , J/t form a regular system 
of parameters of S/mS and u is a socle generator of E R (K) = H^ mR (u! R ), then the 
image of u<8> — — — in E$(L), under the isomorphism 

E R (K) ® R Hj(S) - H* im{R) (co R ) ® R H\ yi _ yt) {S) 

= ^ )+i (^%5) 

= H^ 1Ui ^ S \ujs) (because of Lemma B~3j) 
= E S (L), 

is also a socle generator of Es{L). 
(2) Since each S/(yf, yf) is flat over R by TheoremSjT;2) and Hj(S) 9* Un^ , . . . 
one can see that Hj(S) is also a flat -R-module. 

Lemma 4.5. Lei i?, S be F '-finite normal rings. Assume that f : Y = Spec(S") — > 
Spec(ii) = X is a flat morphism with regular fibers and that A is an effective Q-divisor on 
X = Spec R. If (X, A) is sharply F-pure, so is (Y,/*A). 

Proof. Without loss of generality, we may assume that (i?, m) and (S, n) are local and 
that / is a local and so faithfully flat morphism. Additionally, by making A larger if 
needed, we may assume that (p e — 1)A is integral and (p e — l)(Kx + A) is Cartier and 
Rom R (F^R((p e - 1)A),R) = F?R((1 - p e ){K x + A)) by LemmaETBJ 
We have the following composition 

E R * K(R(K R )) 

-> Hi(F*R{p%K R ))) 
-> Hi(FtR{p e (K R ) + (p e - 1)A)) 
Hi{F*R{K R )) * FtE R 

where the last isomorphism follows since (p e — 1)(K R + A) ~ 0. Because (R, A) is sharply 
F-pure, this composition is injective by Lemma 12.131 By assumption (5/m, n/m) is regular 
and local and so there exists a regular sequence y = y\, . . . , yt 6 S whose images in S/m 
form a regular system of parameters. 

Now, we also have the following diagram: 

H*(R(K R )) ► Hi{F-R{p-K R )) ► Hi(F-R(p-K R +(p^l)A)) 



H*(R(K R ))® R Hl y) (S) -> Hi{F$R(peK R ))® F e R Hl y) {FSS) -> Hd(FiR{ P "K R +(p"-l)A))® F e R H t {y} (FSS) 



KV+^iSiKs)) > H*+* +(y) (F?S(peK s )) ► H^ +(y) (F:S(p-K s +^-l)rA)) 

where the first vertical map is induced by sending x i— >• x (g) and the later maps are 

induced by sending x i— > x ® e 1 e . The second row of vertical maps are isomorphisms 

Vl -Vt 

by Remark 14.41 and Lemma 14.31 Now choose a socle generator z £ H^(R(K R )) = E R . The 
vertical composition sends it to a socle generator for H m ^ t + ,y(S(Ks)) = .Es by Remark 
14.41 In particular, it follows that the left vertical map is injective. We claim that the right 
vertical map is also injective. But this follows since H^(F£R(p e K R + (p e — 1)A)) = F£E R 
and one can compose the right vertical map with a multiplication by yi pE_1 . . . yt p& ~ 1 to 
obtain the Frobenius pushforward of the left vertical map. 
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Note that the top row H*(R(K R )) — > Hi(F*R{p e K R + (p e - 1)A)) is injective by 
hypothesis, and thus so is the composition H^(R(Kr)) — > H^ i + ^(F^S(p e Ks + (p e — 
1)/*A)). It follows that the map 

(4.5.1) H d m f +{y) (S(K s )) -> H^ +{y) (F:S(p e K s + (p e - 1)/* A)) 

sends the (unique) socle generator to a non-zero element. Therefore the map in Equation 
14.5. 1 1 is injective which proves that (S, /*A) is sharply F-pure by Lemma 12.131 □ 

Corollary 4.6. Strongly F -regular and sharply F-pure pairs satisfy (A1P). 

Proof. By Lemma 14.51 we already have shown that sharply F-pure pairs satisfy (A1P). 
Choose r a Cartier divisor on Spec R containing the support of A and such that (Spec R) \ 
Supp(r) is regular. We may choose e > such that (R, A + eT) is sharply F-pure and 
thus (S,f*A + e/*r) is also sharply F-pure. Now, since the fibers of R — > S are regular, 
SpecS \ f*T is also regular by |Mat891 Theorem 23.7]. Thus (S, /*A) is strongly F-regular 
by Lemma 12.151 □ 

Remark 4.7. It would be natural to try to generalize the proof of Lemma [4.5l to the context 
of F-rational or F-injective singularities. In particular, it is natural to try to use local 
cohomology modules of the rings instead of injective hulls of residue fields. The problem is 
that the socle need not to be 1-dimensional. 

We also give a proof that (Al) holds for F-finite F-pure rings. This was known to 
experts and indeed follows directly from the same argument that was used to prove jHH94at 
Theorem 7.3]. We include the following argument for completeness however. 

Proposition 4.8. [HH94aJ Theorem 7.3] Let R and S be rings. Assume that f : Spec(S') — > 
Spec(i?) is a flat morphism with regular fibers and that R is F-pure. Then S is F-pure as 
well. In particular, (Al) holds for & = "F '-purity" '. 

Proof. The proof is similar to the one above. In particular we may assume that (R, m) and 
(S, n) are local and that / is a local morphism. By assumption (S/m, n/m) is regular and 
local and so there exists a regular sequence y = y\, . . . , yt G S whose images in S/m form a 
regular system of parameters. Since R is F-pure, there exists an injective map Er — > F^Er 
(in the F-finite case, this is the dual to a Frobenius splitting, in the general case see |ShalO[ 
Theorem 3.2]). Consider now the following diagram 

E B C ► F^E R 



Er ®r H\ y) (S) F%E R ® FsR H\ y) {F-S) 

where the vertical arrows are z \— > z <S> — - — and z i— y z ® . 1 „ e respectively. These 

yi-yt y p ... y p 

vertical maps are injective by the same argument as above. Since Er ®r H^(S) = Eg, it 

is sufficient to show that the bottom horizontal map is injective. Arguing as in the previous 

case, we see that if z € Er is a socle generator of Er, then its image z' € Eg also generates 

the S-socle. But then 4>(y) ^ from the commutative diagram. □ 

5. (A2) FOR F-SINGULARITIES 

In this section we prove the (A2) property for F-injective and F-pure singularities. We 
also prove the (A2P) property for sharply F-pure pairs. As far as we are aware, this property 
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has only previously been explored in the special case of Gorenstein F-pure singularities in 
[SZ091 Theorem 4.4]. 

We begin by proving that (A2P) holds for sharply F-pure pairs. 

Proposition 5.1. The condition (A2P) holds for & = sharp F '-purity for pairs (R,A) 
such that there exists e > with (p e — 1)A an integral Weil divisor. 

Proof. The statement is local so suppose that Z = Spec B and Y = Spec R. By inverting 
an element of B, we may also assume that B is regular and that Hom^i 7 ^ B, B) is free of 
rank 1 as a i?-module. We may also assume that B — > R is flat. Set n to be the generic 
point of Z. 

We notice that (A2) holds for normality by |Gro661 Corollaire 9.9.5]. Recall that for 
us, if A ^ 0, then sharp F-purity implies normality, see Remark 12.121 In particular, if 
A^ ^ 0, we may assume that since the generic fibeijj pair is geometrically sharply F-pure, 
it is geometrically normal as well. It follows that if A^ ^ 0, by shrinking Z = SpecB if 
necessary, we may assume all the fibers are geometrically normal. 

We fix the e > that was given to us by hypothesis. Now, because (R ®s B^,^) is 
geometrically sharply F-pure, we know that the composition 

(R ®b F?B V ) -)■ (R ® B F%B V ) -> F^(R((p e - 1)A) ® B F^B T) ) 

splits by Remark 12. 14( 3). But this composition can also be factored as 

(R ® B F^B V ) 

-> f:(r® b b v ) 

-> FZ(R((p e - 1)A) ® B B v ) 
-> Ft (R((p e - 1)A) ® B F?B V ) 

and so 

(R ® B Ft B^) -> Ft(R((p e - 1)A) ®b Br,) 
also splits. Therefore, there exists a surjective map ip : Ft(R<S>B B v ) — > (R®b F^B^) which 
factors through Ft(R((p e - 1)A) ® B B rj ). 

It immediately follows that there exists an element u € B \ {0} such that ip is the base 
change with <8>_Br u -i]-B,, of a map tp' 

F*(R ® B Bin' 1 ]) -»• Ft {R({p e - 1)A) ® B B^ 1 ]) -> ®b (Ffj^- 1 ]). 

We may assume that ^' is also surjective. Set U = Spec -Bfu" 1 ] C Speci? = Z. For any 
s £ U set L ^ fc(s) to be a finite extension of the residue field and tensor ip' by <S>f?bF£L 
which yields: 

(5.1.1) Ft(R ® B L) -»■ F, e (i?((p e - 1)A) ®b L) — > R ® B (F, e L). 

which is also surjective by the right-exactness of tensor. Choose any nonzero (and thus 
surjective map) F£L — > L. Tensoring with R produces a surjective map R <8>b (F£L) — > 
R®b L. Finally, composing with (|5.1.1j) yields a surjection Ft{R®s L) — > R®b L, which 
completes the proof. □ 

Corollary 5.2. (A2) holds for F -finite F-pure rings (even in the not necessarily normal 
case). 

Proof. This follows by exactly the same argument as in Proposition 15.11 □ 

Now we move on to (A2) for F-injective singularities. 
Proposition 5.3. The condition (A2) holds for F-injective singularities. 



The fiber over the generic point. 
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Proof. Again we assume that Y = Speci?, Z = SpecB and B C R is flat with B a regular 
domain. Consider the chain of finite maps: 

R ® B FIB -> Ft(R ® B B) = F?R -> F* e (i? ® B F%B). 

Since R®b B v is geometrically F-injective (over 5^), the induced maps 



are surjective for each z € Z. It follows that the map 



J FSRn 



J R® B F%B r 



is also surjective for every i. Choose u € B such that 



h 1 u 



J FSl 



5 s F, e _B[«- r 



is also surjective. Additionally, by Theorem l2.21 we may assume that each h 1 1 £ 
and each h 1 ( oj 

R <S>b L. It is now sufficient to show that 



F^R^bBIu- 1 

J R® B F e B[u- 1 ]) ls F^B[u~ l ]-h:ee. Choose a point s £ U = SpecB[u -1 ] ai 
a finite extension L D k(s). Set Rl 
h^Fjfwjj ) — )• h l (w^ L ) is surjective. To this end, we now replace -B by B s and i? by 
R®B B s . We use s to denote the unique maximal ideal of B. 

Since R is a finitely generated -B-algebra, we may find a polynomial ring A = B [y± , . . . , yt] 
with a surjection A — » R = A/I. Since B is regular, so is A. Hence, 

h^e*) ^Ext% dlmB+t (F*R,A) and h* (u' mBFSB ) = Ext^+ dimB +*(i? ® s F*B, A). 
Thus we know that Ext l A (F£R, A) and Ext^(i? ®b F£B, A) are free S-modules for all i. 
Claim 5.3.1. Set d = dimf? = dim£? s . Then we have a commutative diagram: 



h' 



J FSR 



i B F£B 



) F £B FtL <- 



Ff(R® B L) 



R® B FfL 



where the vertical maps are the Grothendieck trace maps. 

Proof of claim. We first want to establish the Claim when L = k(s). Since B = B s is local, 
we see that s is generated by a regular system of parameters. By induction on d = dim(i?) 
(which is the number of generators of s), we may assume that s is generated by x. Since 
R is flat over B, the short exact sequence — > F^B — >■ F^B — > F^k(s) — > induces a 
short exact sequence — > R<E)b F£B R®b F£B — > R® B F^k(s) — ► 0. We have the 
following commutative diagram 







*FZ(R/{x)) 

3 



^0 







■±R®B F^B — 5-> ® B F„ e B 



^0 



where a : R(&b F^B — > F^R is given by r ® 6 i— > br pe (the Radu- Andre map) and 
(3:R® B F^k(s) = R® B Ft{B/{x)) -> F e ,{R/(x)) 
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is defined as r<g> (6+ (x)) i-> 6r pE + (x). Applying Hom^— , A) to this diagram, we have the 
following commutative diagram 

> > Eri+HF;W{*)),A) > 



E^ A (R® B F-B,A) >Ext i+1 (J?» n F e k( A) >Q 



where we have at the right end in both rows since both 'Ext 1 ^' 1 (F^(R/ (x)), A) and 
Ext^ l " 1 (-R ®b F*k(s), A) are free -B-module and hence x is regular on both modules. We 

L 

have proved that ^'bi^bK s ) is quasi-isomorphic to (uj' r ) 0b k(s)[a\. In particular, we have 
proved the statement for L = k(s). 

For each finite extension k(s) C L, tensor the above diagram with 0^L[yi, ■ ■ ■ , yt] (which 
is flat over k(s)[y\, . . . ,yt])- The Claim follows for L. □ 

Now we return to the main proof. It follows from the right exactness of tensor that 
is surjective for all i. But 



is clearly surjective (in fact split since R ®b L — > R 0b F^L is split). Composing these 
surjective maps proves the proposition for F-injectivity. 

□ 

6. Statement of our main theorem and corollaries 

In this section we state our main results: 

Theorem 6.1. Suppose that X is a variety over an algebraically closed field k, let A > 
be a Q-divisor on X, and let <j) : X — > be a k-morphism with separably generated (not 
necessarily algebraic) residue field extensions. Suppose either 

(i) (X, A) is strongly F '-regular, or 

(ii) (X, A) is sharply F-pure, or 

(iii) A = 0, X is not necessarily normal, and X is F-pure. 

Then there exists a nonempty open subset U of (P^) v such that for each hyperplane H € U , 

(i) (0 _1 (iFj, A^-ifff)) is strongly F -regular. 

(ii) (4>~ l (H), A|0-i(#)) is sharply F-pure. 

(iii) (f)~ l {H) is F-pure. 

Proof. In the case that A = 0, the result for F-purity follows immediately from Proposition 
14.81 Corollary 15.21 and [CGM86] in the form of Theorem 13.21 (again, note we never have to 
leave the infinite setting). We now handle the case for sharp F-purity. It is clear that it is 
harmless to reduce to the case where X is affine and then use Lemma 12.171 to replace A by 
A' > A such that (p e — 1) A' is an integral Weil divisor. Then the result for sharp F-purity 
is an immediate corollary of [CGM86] in the form of Theorem I3.7( combined with Corollary 
14.61 and Proposition 15.11 

Now we move on to strong F-regularity. Fix D > a Weil divisor on X such that X\D 
is non-singular and such that Supp(D) D Supp(A). Fix e > such that (X, A + eD) is 
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strongly F-regular and so in particular sharply F-pure. It follows that there exists an open 
subset U C (P£) v such that {<jr x {H), ( A + eD )\<t>- l (H)) is sharply F-pure for all H G U. 
But then it follows that (^ _1 (iFj, Aj^-i^) is strongly F-regular by Lemma 12.151 □ 

Remark 6.2. Indeed, it is easy to deduce the above result also for triples (X, A, a*). Let us 
briefly explain how: by working on sufficiently small affine charts, the fact that (X, A, a*) is 
sharply F-pure implies that (X, A + p J_i D) is also sharply F-pure for some Cartier divisor 

D corresponding to a section of a^^ pe_1 ^ by |SchlO| (critically using the sufficiently small 
affine charts). Theorem 16.11 then implies that the pair 

(^" 1 W. A U- l w + (^)^l^w) 

is sharply F-pure. But a^^ p "~ 1 '^ \^-i(m certainly contains the section corresponding to 
D\^-\rjj\ and so the proof is complete. Using the same argument as in Theorem 16. lj, one 
can also obtain the result for strongly F-regular triples. 

Since it is easy to see that sharp F-purity and strongly F-regularity are themselves open 
conditions (i.e. , satisfy (A3P)), at least in the F- finite case, we obtain: 

Corollary 6.3 (Second Theorem of Bertini, Corollary 1 in [CGM86] ). Let V be an algebraic 
variety over k = k, and let S be a finite dimensional linear system on V . Further assume 
that A > is a Q-divisotfj on V . Assume that the rational map V —■* P n corresponding to 
S induces (whenever defined) separably generated field extensions. Then for the general ele- 
ment H of S, (H,A\h) is also sharply F-pure (respectively, (H,A\h) is strongly F-regular, 
respectively A = and H is F-pure), except perhaps at the base points of S and at the 
points of (V, A) which are not sharply F-pure (respectively, strongly F-regular, respectively 
F-pure). 

Proof. This follows immediately from Theorem 16. II just as in [CGM86] . □ 

It also follows that the sharply F-pure locus is preserved by general hyperplane sections. 

Corollary 6.4 (Corollary 2 in [CGM86] ). Let V C P^J be a normal subscheme where 
k = k, let A > a Q-divisor on V. Then if(V,A) is sharply F-pure (respectively, strongly 
F-regular, respectively F-pure and A = 0), for the general hyperplane section H of V, 
we have (H,A\h) is sharply F-pure (respectively, strongly F-regular, respectively F-pure). 
Moreover, even if not, the sharply F -pure-locus (respectively, the strongly F-regular locus, 
respectively the F-pure locus) of (V, A) is preserved by the general hyperplane section. For 
example, in the sharply F-pure case, this means that: 

(The sharply F-pure locus of (X, A)) n H C (The sharply F-pure locus of (H, A\ H )). 

Remark 6.5. By F-inversion of adjunction, [HW021 Theorem 4.9] or [Sch09al Main Theorem, 
cf. Proposition 7.2], in the case that Ky + A is Q-Cartier with index not divisible by p > 0, 
one sees that one has "=" instead of "C" in the above theorem. 

We formulate several somewhat less technical corollaries. 

Corollary 6.6. Suppose that X is a normal projective variety over an algebraically closed 
field k and that A > is a Q-divisor on X . Suppose that H corresponds to a general global 
section of a very ample line bundle on X. Then if (X, A) has sharply F-pure (respectively 
strongly F-regular) singularities, then so does (H,A\h). 



If A ^ 0, then we assume that V is normal. 
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Corollary 6.7. Suppose that X is a projective variety over an algebraically closed field k. 
Suppose that H corresponds to a general global section of a very ample line bundle on X. 
Then if X has F-pure (respectively strongly F -regular) singularities, then so does H. 

In particular, we point out that our main result has something to say in the case of 
Frobenius split varieties. 

Corollary 6.8. Suppose that X is a projective Frobenius split variety over an algebraically 
closed field k. Suppose that H corresponds to a general section of a very ample line bundle 
on X . Then H is locally Frobenius split (in other words, F-pure). 

Remark 6.9. It need not be that H is globally Frobenius split in the above Corollary. For 
example, consider X = Proj k[x, y, z, w]/(x 4 +y 4l -\-z 4l -\-w 41 ) in characteristic p = 1 mod 4. It 
is easy to see that this is Frobenius split but no general hyperplane section can be Frobenius 
split since a general hyperplane section has positive Kodaira dimension. 

We include another easy corollary which mimics common results in birational geometry, 
[KM981 Lemma 5.17]. 

Corollary 6.10. Suppose that X is a variety over an algebraically closed field k, let A > 
be a Q^- divisor on X. Let eft : X — > PJ? be a morphism with separably generated (not 
necessarily algebraic) residue field extensions. Fix a general element H of (1P^) V . Then: 

(i) If (X,A) is sharply F-pure then (X, A + (f)~ l (H)) is also sharply F-pure. 

(ii) If (X, A) is strongly F -regular, then (X,A + cj)~ l (H)) is divisorially F-reaula¥*\ in 
the sense of [HW02| . 

(hi) If (X, A) is strongly F -regular, then (X, A + ecj)" 1 (H)) is strongly F -regular for all 
1 > e > 0. 

Proof. We prove (i) first. We can assume X is affine and then use Lemma 12.161 to choose 
A' > A such that Kx + A' is Q-Cartier with index not divisible by p and also such that 
(X, A') is sharply F-pure. We know that (<^~ 1 (ii'), A'l^-i^)) is sharply F-pure and so by F- 
adjunction in the form of [HW021 Theorem 4.9] or |Sch09al Main Theorem, cf. Proposition 
7.2], we see that (X, A' + <^ _1 (.ff")) is sharply F-pure near i^ _1 (F'). But it is also F-pure 
away from (j)~ l (H) by assumption. The result follows. 

The proof of statement (ii) is exactly the same as (i) but we must use |SS10| Theorem 
4.3] instead of Lemma 12.161 Finally, part (iii) follows from (i) and Lemma l2.18[ c). □ 

Finally, we include a consequence to cyclic covers of Corollary 16.101 and also one of the 
main results of [ST10] , For a brief introduction to ramified cyclic covers, see [KM981 Section 
2.4]. 

Corollary 6.11. Suppose that (X, A) is a normal projective sharply F-pure pair (respec- 
tively, strongly F -regular pair) such that Kx + A is Q-Cartier. Fix ££ to be an ample line 
bundle and suppose that is very ample, n is not divisible by p and H corresponds to a 
general section of ££ n '. Let f : Y — > X be the induced cyclic cover of X ramified along H. 
Then (Y,f*A) is also sharply F-pure (respectively, strongly F -regular). 

Proof. First note that Y is normal since H is general and the index is not divisible by p. 
Certainly (X, A + H) is sharply F-pure by Corollary EM Thus by [STlOj Theorem 6.26], 
(Y, /*A + f*H — Ramj) is sharply F-pure (note that trace is surjective since / : Y — > X 
is a finite map of order n with p J[ n). Here Ramj is the ramification divisor of / (note 
that / is tamely ramified by construction). Set G to be the integral divisor on Y such that 



'The term "divisorially F-regular" unfortunately corresponds to purely log terminal singularities |Tak08| . 
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G = y*H. It follows that f*H = nG and also that Ram/ = (n - l)G since / is tamely 
ramified. 

Thus (Y, f*A + f*H — Ram/) = (Y, /*A + G) is sharply F-pure which certainly implies 
that (Y, f*A) is sharply F-pure as desired. For strong F-regularity, note that / : Y — > X 
is finite etale outside of G and H. In particular, (Y, f*A + G) is already strongly F-regular 
outside of G. Thus (Y,f*A) is strongly F-regular by Lemma 12.151 □ 

7. Weak normality and failure of Bertini's second theorem for F-injective 

singularities 

It is natural to ask whether (Al) is satisfied for F-rationality or F-injectivity. For F- 
injectivity, it is known to fail by [E ne09l Section 4]. However, this does not a priori imply 
that Bertini's second theorem fails for F-injectivity. However, in this section we prove that 
Bertini's second theorem does not hold for F-injective singularities even over an algebraically 
closed field. This is surprising because Du Bois singularities, the characteristic zero analog 
of F-injective singularities, are easily seen to satisfy Bertini's second theorem. 

Definition 7.1. [AB69, Yan85] Suppose that (-R,m) is a reduced local ring of characteristic 
p > 0. We say that (R,m) is weakly normal if for any z € K(R), the total ring of fractions 
of R, such that z v £ R, then z £ R as well. We say that (.R,m) is (WN1) if it is weakly 
normal and if the normalization morphism R — > i? N is unramified in codimension 1. 

Recall that an extension of local rings (R, m) C (S, n) is unramified if 

(i) m ■ S = n and 

(ii) R/m C S/n is separable. 

We will see shortly that F-injective singularities can fail to be (WN1). First we recall the 
picture for F-pure singularities: 

Theorem 7.2. |Sch09bl Lemma 4.6] cf. [HB761 Proposition 5.31] |GW77| F-finite F- 
injective rings R are weakly normal. If R is 1- dimensional, then the converse also holds. 

Now we prove that F-pure singularities are always (WN1). 

Theorem 7.3. // R is F-finite and F-pure, then R is (WN1). Conversely, if R is 1- 
dimensional, F-finite and (WN1), then it is also F-pure. 

Proof. We prove the first statement. Without loss of generality, we may assume that (R,m) 
is local of dimension 1 and so i? N is semilocal of dimension 1. Set (S, n) to be the localization 
of F N at an arbitrary maximal ideal over m. Since R is F-pure and thus seminormal, the 
conductor is radical in both R and i? N . In particular, c = tn. Then mS = cS is also radical 
and thus must be the maximal ideal n. We need to show that R/m C S/n is separable. 

Since R is F-finite and F-pure, we may choose a surjective map <p : F^R — > R extending 
to a surjective map </? N : F£R — > F N by |BK05[ Exercise 1.2.E(4)]. The conductor c of 
R C Fi N is (^-compatible and so we have a commutative diagram: 

Ft (S/n) > S/n 

Ff (i? N /m) ► F N /m 



Ft (R/m) 



>R/m 
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where the vertical compositions are injective. The horizontal maps are non-zero (since 
they are surjective). But non-zero p _e -linear maps cannot extend over inseparable field 
extensions by [ST1CH Example 5.1]. This completes the proof of the forward direction. 

For the converse, we fix some notation. Note that we may assume that (R, m) is local. 
Set k = R/m and L = i? N /mi? N . Note that L is a product of fields since R — > R N is an 
unramified map of 1-dimensional rings, in particular mi? N is radical. Fix a surjective map 
tp : F£k — > k. Since R is (WN1), every field making up L is a finite separable extension 
of k. In particular, we have a unique extension of ip to L, ip' : F^L — > L by [STlOj . 
Since R is 1-dimensional, i? N is regular, and so by |Fed831 Lemma 1.6], there exists a map 
ip' : F£R N — > i? N such that ip' induces ip' by modding out by mPi N . Note that ip' is 
surjective since ip' is. 

Set C to be the pullback of the diagram 

{IJN (j^/mR 11 ) Jfe}, 

|Fer03j . The maps tp' , ip' and ip glue together to induce a surjective map ip : F^C — > C, in 
particular C is F-pure. Indeed, it is easy to see that p is surjective since cp induces ip by 
modding out by m. By the universal property of pullback, we have a natural map R — > C. 
Furthermore, by construction, cf. |Fer03| . this map is a bijection on points which is an 
isomorphism outside of the maximal ideal. Furthermore, the residue field of C is k as well 
proving that R — > C is weakly subintegral |Yan85| . Since R is weakly normal, we see that 
R = C and so R is F-pure as desired. □ 

We now prove that F-injective singularities do not satisfy Bertini-type theorems. Our 
method of proof is the same as that of [CGM 89] . There the authors prove that if a weakly 
normal scheme satisfies Bertini's theorem (perhaps iterated several times), then it must 
necessarily be (WN1). 

Proposition 7.4. If X is a projective surface over an algebraically closed field of char- 
acteristic p > which is F -injective, except possibly at isolated points, but which fails to 
be (WN1). Then a general hyperplane section is not F -injective (even though such a hy- 
perplane misses the non-F -injective points). In particular, the second theorem of Bertini, 
Corollary \3.4\ fails for F -injective singularities. 

Proof. First we comment that the existence of isolated points which are not F-injective is 
relatively harmless. General hyperplanes will miss these points. Such examples are also 
much easier to construct. 

Now we prove the Proposition. Suppose a general hyperplane H was F-injective. Then 
H is weakly normal by Theorem [721 since we are working over an algebraically closed field, 
H is also F-pure by [GW771 Theorem 1.1]. Hence by Theorem 17.31 H must be (WN1). 
However, according to |CGM89l Theorem 1], H being (WN1) will imply that X is (WN1). 
We have obtained our desired contradiction since X is not (WN1). □ 

Such surfaces are easy to construct. Indeed, take any weakly normal surface X which is 
not (WN1). Since F-injective is the same as weakly normal in dimension 1, X is F-injective 
except possibly at isolated points. Such surfaces were constructed in |CGM89| Corollary 
4]. Since F-injectivity satisfies (A2) and (A3), we have obtained another proof that F- 
injectivity must fail to satisfy (Al) by [CGM86, Theorem 1]. We finally point out that 
F. Enescu's example in |Ene09l Section 4] is also not (WN1) (and fails to satisfy (Al)) but 
is not finite type over an algebraically closed field. In conclusion, we obtain the following: 

Theorem 7.5. There exists a projective surface which is F -injective except possibly at 
finitely many points whose general hyperplane section is not F -injective. 
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Remark 7.6. It would be natural to try to find a projective F-injective surface which is F- 
injective everywhere but not (WN1) and so also fails to satisfy Bertini's second theorem. Let 
us briefly describe why we have failed to find such an object. Via gluing constructions, cf. 
|Fer03j . it is not difficult to construct varieties that are proper over an algebraically closed 
field, are F-injective but not (WN1). Explicitly, glue two curves on a surface together, one 
via the identity, the other by a generically inseparable map. However, we were unable to 
prove that such an example is projective over an algebraically closed field. In particular, we 
were unable to construct a surface which is projective, F-injective, and not (WN1) although 
we believe such a surface should exist. 

Remark 7.7. It would be natural to try to find a variety of dimension > 3 which is F- 
injective but such that a general hyperplane section is not F-injective. We do not know 
how to construct such examples however. A natural place to look would be to try to glue 
together two curves on a projective threefold - one by the identity and the other by an 
inseparable map. This would yield a non-S2 scheme though. 

8. Further questions and remarks 

The second theorem of Bertini is not true for F-injective singularities as the previous 
section demonstrated. However, we can ask: 

Question 8.1. Does the second theorem of Bertini hold for F-rational singularities? What 
about for normal, or better yet (WN1), F-injective singularities? Does (Al) hold for ir- 
rational or normal i^-injective singularities? 

We can also ask: 

Question 8.2. How does the classical notion of -F-purity for pairs (sometimes called weak 
F -purity) as defined in [H W02] behave under restriction to general hyperplane sections? 

It would also be natural to try to generalize the results of this paper to test ideals. 

Question 8.3. Suppose that (X, A) is a pair where X is normal and projective. If H is a 
general member of a very ample linear system (or more generally of a linear system whose 
map induces separably generated residue field extensions), is it true that t(X, A) (g> Oh = 
t(H,A\ h )1 

Remark 8.4. Note that this question was studied before in |MY09l Example 4.7]. There 
they considered a family Spec k[x, y, s] — > Speck[s] and the pair (k[x, y, s], {x p + y p s) t ). 
By choosing 1 > t > 1/p, one might even expect that this example contradicts our main 
theorem, Theorem 16.11 We explain why this is not the case. 

Consider the point r\ = (x p + sy p ) G Spec k[x, y, s] (or r/ = {x p + sy p ,y — A) for ^ A € k). 
Note that rj lies over the generic point 7 of Spec k[s]. The residue field of k[x, y, s]^ contains 
a pth root of s and in particular, k{^) C k{rf) not separable. Thus there is hope that 
Question 18.31 also might have a positive answer. 

One can of course ask the same question for adjoint type ideals |Tak081 ITaklCH ISch09aj 
and for non-F-pure ideals [FSTllj . 

Finally, based upon Remark 17.61 we ask: 

Question 8.5. Does there exist a projective surface over an algebraically closed field which 
is F-injective and not (WN1)? 
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